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SET-VALUED MAPS AND SOME GENERALIZED METRIC
SPACES
ER-GUANG YANG
Abstract. To give characterizations of monotonically countably paracompact spaces
with set-valued maps, Yamazaki [22] introduced the notion of strictly increasing
closed cover of a topological space with which the boundedness of a set-valued map
was defined. In this paper, we show that most of generalized metric spaces such
as stratifiable spaces, semi-metrizable spaces can be characterized with set-valued
maps with values into the family of all closed nonempty subsets of a space which
has a strictly increasing closed cover. Moreover, as an application, we use the re-
sults obtained to give characterizations of the corresponding spaces with generalized
real-valued functions.
1. Introduction and preliminaries
Throughout, a space always means a Hausdorff topological space. For a space X,
we denote by CX the family of all compact subsets of X and SX = {{x} : x ∈ X}. τ
and τ c denote the topology of X and the family of all closed subsets of X respectively.
For a subset A of a space X, we write A (int(A)) for the closure (interior) of A in X.
The set of all positive integers is denoted by N. For a space Y , we use 2Y (F(Y )) to
denote the family of all nonempty (nonempty closed) subsets of Y .
For a set-valued map φ : X → 2Y and B ⊂ Y , denote φ−1[B] = {x ∈ X : φ(x)∩B 6=
∅} and φ#[B] = {x ∈ X : φ(x) ⊂ B}. φ is called lower (upper) semi-continuous if
φ−1[V ] (φ#[V ]) is open in X for each open subset V of Y .
For maps φ,ϕ : X → 2Y , we express φ ⊂ ϕ, if φ(x) ⊂ ϕ(x) for each x ∈ X.
Set-valued maps are known to be useful in the characterizations of some topological
spaces. Many covering properties such as paracompactness [15], strong paracompact-
ness [8] and collectionwise normality [16] can be characterized with set-valued maps.
To give characterizations of monotonically countably paracompact spaces with set-
valued maps, Yamazaki [22] introduced the notion of strictly increasing closed cover
of a topological space with which the boundedness of a set-valued map was defined.
A sequence {Bn}n∈N of closed subsets of a space Y is called a strictly increasing
closed cover of Y if Y =
⋃
n∈NBn, B1 6= ∅ and Bn ( Bn+1 for each n ∈ N.
Let X be a space and Y a space with a strictly increasing closed cover {Bn}n∈N.
A set-valued map φ : X → F(Y ) is called bounded on a subset A of X if A ⊂ φ#[Bn]
for some n ∈ N. φ is called locally bounded at a point x ∈ X if there exists a
neighborhood O of x such that φ is bounded on O. φ is called locally bounded on
a subset A of X if φ is locally bounded at each x ∈ A. Denote B(Y ; {Bn}) = {F ∈
F(Y ) : F ⊂ Bn for some n ∈ N}.
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By expansions of locally bounded maps φ : X → B(Y ; {Bn}), Yamazaki [22] pre-
sented some characterizations of (monotonically) countably paracompact spaces and
(monotonically) countably metacompact spaces. It was also asked that whether strat-
ifiable spaces can be characterized with set-valued maps along the same lines. In [21],
Xie and Yan gave a positive answer to this question by presenting some characteriza-
tions of stratifiable spaces with set-valued maps.
In this paper, we shall show that besides the spaces mentioned above, many other
generalized metric spaces can also be characterized with set-valued maps with values
in F(Y ), where Y is a space with a strictly increasing closed cover.
Let X be a space and Y a space having a strictly increasing closed cover {Bn}n∈N.
We write L(X,F(Y )) for the set of all lower semi-continuous maps from X to F(Y ).
Let A be a family of subsets of X and M a family of maps from X to F(Y ). For
a map φ : A → M and A ∈ A, we write φA instead of φ(A). If {x} ∈ A, then we
write φx for φ{x}. Let A,B be two families of subsets of X and suppose that SX ⊂ A.
Consider the following conditions for a map φ : A→M.
(GA) For each A ∈ A, A =
⋂
n∈N φ
−1
A [Y \Bn].
(mA) If A1, A2 ∈ A and A1 ⊂ A2, then φA1 ⊂ φA2 .
(bA(B)) For each A ∈ A and B ∈ B, if A ∩B = ∅, then φA is bounded on B.
(b′A(B)) For each A ∈ A and B ∈ B, if A ∩ B = ∅, then there exists an open set
V ⊃ B such that φA is bounded on V .
(S) For each x, y ∈ X, φx(y) = φy(x).
(E) For each x, y, z ∈ X, φx(y) ⊂ φx(z) or φy(z) ⊂ φx(z).
Notice that if a map φ : A → M satisfies (GA) (resp., (mA), (bA(B)), (b
′
A(B)))
and C ⊂ A, then the restriction φ|C : C → M satisfies (GC) (resp., (mC), (bC(B)),
(b′C(B))). In the sequel, for a map φ : A → M satisfying (GA) (and the others) and
C ⊂ A, when we say that φ satisfies (GC) (and the others), it will always mean that
φ|C satisfies the corresponding conditions.
A g-function for a space X is a map g : N×X → τ such that for every x ∈ X and
n ∈ N, x ∈ g(n, x) and g(n+1, x) ⊂ g(n, x). For A ⊂ X, g(n,A) = ∪{g(n, x) : x ∈ A}.
Convention: In the following, a space Y always has a strictly increasing closed
cover {Bn}n∈N.
The following lemma will be frequently used in the sequel.
Lemma 1.1. Let A be a family of subsets of a space X. Suppose that for each A ∈ A,
there exists a decreasing sequence {G(n,A) : n ∈ N} of open subsets of X such that
A =
⋂
n∈NG(n,A). For each A ∈ A(X) and x /∈ A, let nA(x) = min{n ∈ N : x /∈
G(n,A)}. For each A ∈ A(X), define a map φA : X → F(Y ) by letting φA(x) = Y
whenever x ∈ A and φA(x) = BnA(x) whenever x /∈ A. Then φ : A → L(X,F(Y ))
satisfies (GA). If in addition, G(n,A1) ⊂ G(n,A2) for each n ∈ N whenever A1 ⊂ A2,
then φ satisfies (mA).
Proof. Let A ∈ A. To show that φA is lower semi-continuous, let W be an open
subset of Y , x ∈ X and suppose that φA(x) ∩W 6= ∅.
Case 1. x ∈ A. Then φA(x) = Y . Choose m ∈ N such that Bm ∩ W 6= ∅.
Then O = G(m,A) is an open neighborhood of x. For each y ∈ O, if y ∈ A, then
φA(y) = Y . If y /∈ A, then m < nA(y) and hence φA(y) = BnA(y) ⊃ Bm. It follows
that φA(y) ∩W 6= ∅.
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Case 2. x /∈ A. Then φA(x) = BnA(x). If nA(x) = 1, then for each y ∈ X,
φA(y) = Y or φA(y) = BnA(y) ⊃ φA(x). If nA(x) > 1, then O = G(nA(x) − 1, A) is
an open neighborhood of x. For each y ∈ O, if y ∈ A, then φA(y) = Y . If y /∈ A,
then nA(x) − 1 < nA(y). Hence φA(y) = BnA(y) ⊃ BnA(x) = φA(x). It follows that
φA(y) ∩W 6= ∅.
By Case 1 and Case 2, we conclude that φA is lower semi-continuous.
By the definition of φA, if x ∈ A then φA(x) = Y from which it follows that φA(x)\
Bn 6= ∅ and thus x ∈ φ
−1
A [Y \Bn] for each n ∈ N. If x /∈ A then φA(x) = BnA(x) from
which it follows that x /∈ φ−1A [Y \BnA(x)]. This implies that A =
⋂
n∈N φ
−1
A [Y \Bn].
Now, assume in addition that A1 ⊂ A2 implies that G(n,A1) ⊂ G(n,A2) for each
n ∈ N. Let A1, A2 ∈ A with A1 ⊂ A2. For each x ∈ X, if x ∈ A2, then φA2(x) =
Y ⊃ φA1(x). If x /∈ A2, then x /∈ A1. Since x /∈ G(nA2(x), A2) ⊃ G(nA2(x), A1), we
have that nA1(x) ≤ nA2(x) from which it follows that φA1(x) = BnA1(x) ⊂ BnA2 (x) =
φA2(x). Therefore, φA1 ⊂ φA2 . This implies that φ satisfies (mA). 
2. The class of first countable spaces
In this section, we prove some results for first countable spaces and some spaces
contained in the the class of first countable spaces.
Proposition 2.1. A space X is regular first countable if and only if there exists a
map φ : SX → L(X,F(Y )) satisfying (GSX ) and (b
′
SX
(τ c)).
Proof. For each x ∈ X, let {Vn(x) : n ∈ N} be a decreasing open neighborhood base
of x. For each x, y ∈ X with x 6= y, let nx(y) = min{n ∈ N : y /∈ Vn(x)}. For each
x ∈ X, define a map φx : X → F(Y ) by letting φx(x) = Y and φx(y) = Bnx(y)
whenever y 6= x. By Lemma 1.1, φ : SX → L(X,F(Y )) satisfies (GSX ).
Suppose that x /∈ F ∈ τ c. Then there exists an open set V ⊃ F and m ∈ N such
that V ∩Vm(x) = ∅. For each y ∈ V , y /∈ Vm(x) from which it follows that nx(y) ≤ m.
Hence, φx(y) = Bnx(y) ⊂ Bm. This implies that φx is bounded on V .
Conversely, for each x ∈ X and n ∈ N, let Vn(x) = φ−1x [Y \Bn]. Since φx is lower
semi-continuous, we have that Vn(x) is open. By (GSX ), x ∈ φ
−1
x [Y \Bn] = Vn(x) for
each n ∈ N.
Suppose that x /∈ F ∈ τ c. By (b′SX (τ
c)), there exists an open set V ⊃ F and m ∈ N
such that V ⊂ φ#x [Bm]. It follows that V ∩Vm(x) = ∅. Therefore, X is a regular first
countable space. 
An analogous argument proves the following.
Proposition 2.2. A space X is first countable if and only if there exists a map
φ : SX → L(X,F(Y )) satisfying (GSX ) and (bSX (τ
c)).
A space X is called a γ-space [10] if there exists a g-function g for X such that if
yn ∈ g(n, x) and xn ∈ g(n, yn) for all n ∈ N, then x is a cluster point of 〈xn〉.
Lemma 2.3. [12] A space X is a γ-space if and only if there exists a g-function g
for X such that for each K ∈ CX and F ∈ τ c with K ∩ F = ∅, there exists m ∈ N
such that F ∩ g(m,K) = ∅.
Theorem 2.4. A space X is a regular γ-space if and only if there exists a map
φ : CX → L(X,F(Y )) satisfying (GCX ), (mCX ) and (b
′
CX
(τ c)).
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Proof. Let g be the g-function in Lemma 2.3. It is easy to see that for each K ∈ CX ,
K =
⋂
n∈N g(n,K). For each K ∈ CX and x /∈ K, let nK(x) = min{n ∈ N : x /∈
g(n,K)}. For each K ∈ CX , define a map φK : X → F(Y ) by letting φK(x) = Y
whenever x ∈ K and φK(x) = BnK(x) whenever x /∈ K. By Lemma 1.1, φ : CX →
L(X,F(Y )) satisfies (GCX ) and (mCX ).
Suppose that K ∈ CX , F ∈ τ
c and K ∩ F = ∅. Since X is regular, there exist
open subsets U, V of X such that K ⊂ U , F ⊂ V and V ∩ U = ∅. By Lemma 2.3,
there is m ∈ N such that g(m,K) ⊂ U and thus V ∩ g(m,K) = ∅. For each x ∈ V ,
x /∈ g(m,K) from which it follows that nK(x) ≤ m and thus φK(x) = BnK(x) ⊂ Bm.
This implies that φK is bounded on V .
Conversely, for each x ∈ X and n ∈ N, let g(n, x) = φ−1x [Y \ Bn]. Since φx
is lower semi-continuous, g(n, x) is open. By (GCX ), x ∈ g(n, x). It is clear that
g(n+1, x) ⊂ g(n, x). Thus g is a g-function forX. LetK ∈ CX , F ∈ τ
c andK∩F = ∅.
By (b′CX (τ
c)), there exists an open set V ⊃ F and m ∈ N such that V ⊂ φ#K [Bm]. By
(mCX ), V ⊂ φ
#
x [Bm] for each x ∈ K. It follows that V ∩ g(m,x) = ∅ for each x ∈ K
and hence V ∩ g(m,K) = ∅. This implies that X is regular. By Lemma 2.3, X is a
γ-space. 
Similarly, we have the following.
Theorem 2.5. A space X is a γ-space if and only if there exists a map φ : CX →
L(X,F(Y )) satisfying (GCX ), (mCX ) and (bCX (τ
c)).
A space X is called strongly first countable [10] if there exists a g-function g for
X such that for each x ∈ X, {g(n, x) : n ∈ N} is a neighborhood base of x and if
y ∈ g(n, x), then g(n, y) ⊂ g(n, x).
Theorem 2.6. A space X is strongly first countable if and only if there exists a map
φ : SX → L(X,F(Y )) satisfying (GSX ), (E) and (bSX (τ
c)).
Proof. Let g be the g-function for a strongly first countable space. For each x, y ∈ X
with x 6= y, let nx(y) = min{n ∈ N : y /∈ g(n, x)}. For each x ∈ X, define a map
φx : X → F(Y ) by letting φx(x) = Y and φx(y) = Bnx(y) whenever y 6= x. Then
φ : SX → L(X,F(Y )) satisfies (GSX ) and (bSX (τ
c)).
Let x, y, z ∈ X. We may assume that x, y, z are pairwise distinct. Assume that
φx(y) * φx(z) and φy(z) * φx(z). Then nx(z) < nx(y) and nx(z) < ny(z). Thus
y ∈ g(nx(z), x) and z ∈ g(nx(z), y) from which it follows that z ∈ g(nx(z), x), a
contradiction.
Conversely, define a g-function forX by letting g(n, x) = φ−1x [Y \Bn] for each x ∈ X
and n ∈ N. From (bSX (τ
c)) it follows that {g(n, x) : n ∈ N} is a neighborhood base of
x. Suppose that y ∈ g(n, x) and z ∈ g(n, y). Then φx(y)\Bn 6= ∅ and φy(z)\Bn 6= ∅.
By (E), φx(z) \ Bn 6= ∅ from which it follows that z ∈ φ
−1
x [Y \ Bn] = g(n, x). This
implies that g(n, y) ⊂ g(n, x). Therefore, X is strongly first countable. 
3. The class of semi-stratifiable spaces
This section is devoted to the characterizations of some spaces contained in the
class of semi-stratifiable spaces.
Definition 3.1. A space X is called stratifiable [1] (semi-stratifiable [2]) if there is a
map ρ : N× τ c → τ such that
SET-VALUED MAPS 5
(1) F =
⋂
n∈N ρ(n, F ) =
⋂
n∈N ρ(n, F ) (F =
⋂
n∈N ρ(n, F )) for each F ∈ τ
c;
(2) if F,H ∈ τ c and F ⊂ H, then ρ(n, F ) ⊂ ρ(n,H) for all n ∈ N.
X is called k-semi-stratifiable [13] if there is a map ρ : N × τ c → τ satisfies the
conditions for a semi-stratifiable space and
(3) for each K ∈ CX and F ∈ τ
c with K ∩ F = ∅, there is m ∈ N such that
K ∩ ρ(m,F ) = ∅.
The map ρ in the above definition is called the stratification, semi-stratification,
k-semi-stratification for X respectively. Notice that, without loss of generality, we
may assume that ρ is decreasing with respect to n.
Theorem 3.2. A space X is k-semi-stratifiable if and only if there exists a map
φ : τ c → L(X,F(Y )) satisfying (Gτc), (mτc) and (bτc(CX)).
Proof. Let ρ be the k-semi-stratification for X which is decreasing with respect to
n. For each F ∈ τ c and x /∈ F , let nF (x) = min{n ∈ N : x /∈ ρ(n, F )}. For each
F ∈ τ c, define a map φF : X → F(Y ) by letting φF (x) = Y whenever x ∈ F and
φF (x) = BnF (x) whenever x /∈ F . By Lemma 1.1, φ : τ
c → L(X,F(Y )) satisfies (Gτc)
and (mτc).
Let F ∈ τ c, K ∈ CX and F ∩ K = ∅. Then K ∩ ρ(m,F ) = ∅ for some m ∈ N.
For each x ∈ K, x /∈ ρ(m,F ) from which it follows that nF (x) ≤ m. Hence, φF (x) =
BnF (x) ⊂ Bm. This implies that φF is bounded on K.
Conversely, for each F ∈ τ c and n ∈ N, let ρ(n, F ) = φ−1F [Y \Bn]. Then ρ(n, F ) ∈ τ .
By (mτc), it is clear that if F,H ∈ τ
c and F ⊂ H, then ρ(n, F ) ⊂ ρ(n,H).
Let F ∈ τ c. By (Gτc), F =
⋂
n∈N φ
−1
F [Y \ Bn] =
⋂
n∈N ρ(n, F ). Let F ∈ τ
c,
K ∈ CX and F ∩K = ∅. By (bτc(CX)), K ⊂ φ
#
F [Bm] for some m ∈ N. It follows that
K ∩ ρ(m,F ) = ∅.
By Definition 3.1, X is a k-semi-stratifiable space. 
As for semi-stratifiable spaces, we have the following.
Proposition 3.3. A space X is semi-stratifiable if and only if there exists a map
φ : τ c → L(X,F(Y )) satisfying (Gτc) and (mτc).
Theorem 3.4. A space X is stratifiable if and only if there exists a map φ : τ c →
L(X,F(Y )) satisfying (Gτc), (mτc) and (⋄) for each F ∈ τ
c, φF is locally bounded
on X \ F .
Proof. Let ρ be the stratification for X which is decreasing with respect to n. Define
a map φ : τ c → L(X,F(Y )) as that in the proof of the sufficiency of Theorem 3.2.
Then we only need to show (⋄).
Let F ∈ τ c. For each x ∈ X \ F , there is m ∈ N such that x /∈ ρ(m,F ). Then
O = X \ ρ(m,F ) is an open neighborhood of x. For each y ∈ O, nF (y) ≤ m from
which it follows that φF (y) ⊂ Bm. This implies that φF is locally bounded at x.
Conversely, for each F ∈ τ c and n ∈ N, define an open subset ρ(n, F ) of X as
that in the proof of the sufficiency of Theorem 3.2. Then we only need to show that⋂
n∈N ρ(n, F ) ⊂ F .
Let F ∈ τ c. By (⋄), if x /∈ F , then x ∈ int(φ#F [Bm]) for some m ∈ N. It
follows that x /∈ X \ int(φ#F [Bm]) = φ
−1
F [Y \Bm] = ρ(m,F ). This implies that⋂
n∈N ρ(n, F ) ⊂ F . 
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4. Spaces in both classes
In this section, we present characterizations of some spaces contained in both the
the class of first countable spaces and the class of semi-stratifiable spaces such as
semi-metrizable spaces, Nagata-spaces and strongly quasi-metrizable spaces.
A space X is called semi-metrizable [20] if there is a function d : X ×X → [0,∞)
such that (1) d(x, y) = 0 if and only if x = y; (2) d(x, y) = d(y, x) for all x, y ∈ X; (3)
for each x ∈ X, {B(x, r) : r > 0} is a neighborhood base of x, where B(x, r) = {y ∈
X : d(x, y) < r}. X is called o-semimetrizable [5] if there is a semi-metric on X such
that for each x ∈ X and r > 0, B(x, r) is open. X is called K-semimetrizable [14] if
there is a semi-metric d on X such that d(K,H) > 0 for every disjoint pair K,H of
nonempty compact subsets of X.
Theorem 4.1. A space X is semi-metrizable if and only if there exists a map φ :
τ c → L(X,F(Y )) satisfying (Gτc), (mτc) and (bSX (τ
c)).
Proof. For each F ∈ τ c and n ∈ N, let U(n, F ) = ∪{int(B(x, 1
n
)) : x ∈ F}. Then⋂
n∈N U(n, F ) = F . For each x /∈ F , let nF (x) = min{n ∈ N : x /∈ U(n, F )}. For each
F ∈ τ c, define a map φF : X → F(Y ) by letting φF (x) = Y whenever x ∈ F and
φF (x) = BnF (x) whenever x /∈ F . By Lemma 1.1, φ satisfies (Gτc) and (mτc).
Let x /∈ F ∈ τ c. Then there exists m ∈ N such that B(x, 1
m
) ∩ F = ∅. It follows
that y /∈ int(B(x, 1
m
)) = U(m, {x}) for each y ∈ F . Hence n{x}(y) ≤ m and so
φx(y) = Bn{x}(y) ⊂ Bm. This implies that φx is bounded on F .
Conversely, since φ satisfies (GSX ) and (bSX (τ
c)) (that is, φ|SX satisfies (GSX )
and (bSX (τ
c))), X is first countable by Proposition 2.2. By Proposition 3.3, X is
semi-stratifiable. Thus X is semi-metrizable [9]. 
Theorem 4.2. A space X is K-semimetrizable if and only if there exists a map
φ : τ c → L(X,F(Y )) satisfying (Gτc), (mτc), (bSX (τ
c)) and (bCX (CX)).
Proof. For each F ∈ τ c, define U(n, F ) and φF as that in the proof of Theorem 4.1.
Then we only need to show (bCX (CX)).
Let K,H ∈ CX and K ∩H = ∅. Then d(H,K) > 0 and thus there exists m ∈ N
such that d(x, y) > 1
m
for each x ∈ H and y ∈ K. It follows that x /∈ U(m,K) for
each x ∈ H. Thus nK(x) ≤ m and so φK(x) ⊂ Bm for each x ∈ H. This implies that
φK is bounded on H.
Conversely, for each x, y ∈ X with x 6= y, let m(x, y) = min{n ∈ N : y ∈
φ#x [Bn] and x ∈ φ
#
y [Bn]}. Define a function d : X×X → [0,∞) by letting d(x, y) = 0
whenever x = y and d(x, y) = 1
m(x,y) whenever x 6= y. It is easy to verify that
y ∈ B(x, 1
n
) if and only if y /∈ φ#x [Bn] or x /∈ φ
#
y [Bn].
Claim 1. B(x, r) is a neighborhood of x for each x ∈ X and r > 0.
Proof. Let r > 0 and choose m ∈ N such that 1
m
< r. Let Ox = φ
−1
x [Y \ Bm].
Then Ox is an open neighborhood of x and Ox ⊂ B(x,
1
m
) ⊂ B(x, r). This implies
that B(x, r) is a neighborhood of x.
Claim 2. If x /∈ F ∈ τ c, then B(x, r) ∩ F = ∅ for some r > 0.
Proof. Let x /∈ F ∈ τ c. By (bF ({x})), φF (x) ⊂ Bm for some m ∈ N. By (bSX (τ
c)),
there exists k ≥ m such that y ∈ φ#x [Bk] for each y ∈ F . Also, By (mτc), for each
y ∈ F , φy(x) ⊂ φF (x) ⊂ Bk which implies that x ∈ φ
#
y [Bk]. Therefore, y /∈ B(x,
1
k
)
for each y ∈ F and thus B(x, 1
k
) ∩ F = ∅.
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By Claim 1 and Claim 2, d is a semi-metric on X.
Now, let K,H ∈ CX and K ∩ H = ∅. By (bCX (CX)), there exists m ∈ N such
that K ⊂ φ#H [Bm] and H ⊂ φ
#
K [Bm]. Thus for each x ∈ K and y ∈ H, x ∈
φ#H [Bm] ⊂ φ
#
y [Bm] and y ∈ φ
#
K [Bm] ⊂ φ
#
x [Bm]. It follows that m(x, y) ≤ m and
so d(x, y) = 1
m(x,y) ≥
1
m
. This implies that d(K,H) > 0. Therefore, X is a K-
semimetrizable space. 
Theorem 4.3. For a space X, the following are equivalent.
(a) X is o-semimetrizable.
(b) There exists a map φ : τ c → L(X,F(Y )) satisfying (Gτc), (mτc) and (S).
(c) There exists a map φ : SX → L(X,F(Y )) satisfying (GSX ), (bSX (τ
c)) and (S).
Proof. (a) ⇒ (b) For each F ∈ τ c and n ∈ N, let U(n, F ) = ∪{B(x, 1
n
) : x ∈ F}.
Then
⋂
n∈N U(n, F ) = F . For each x /∈ F , let nF (x) = min{n ∈ N : x /∈ U(n, F )}.
For each F ∈ τ c, define a map φF : X → F(Y ) by letting φF (x) = Y whenever x ∈ F
and φF (x) = BnF (x) whenever x /∈ F . Then φ : τ
c → L(X,F(Y )) satisfies (Gτc) and
(mτc). For each x, y ∈ X with x 6= y, y /∈ U(n, {x}) if and only if x /∈ U(n, {y}) from
which it follows that n{x}(y) = n{y}(x). Thus φx(y) = φy(x).
(b) ⇒ (c) Assume (b). Suppose that x /∈ F ∈ τ c. Then φF (x) ⊂ Bm for some
m ∈ N. Hence, φx(y) = φy(x) ⊂ φF (x) ⊂ Bm for each y ∈ F . This implies that φx is
bounded on F .
(c) ⇒ (a) Assume (c). Define a g-function g for X by letting g(n, x) = φ−1x [Y \Bn]
for each x ∈ X and n ∈ N. Let x, y ∈ X. From φx(y) = φy(x) it follows that for each
n ∈ N, y ∈ g(n, x) if and only if x ∈ g(n, y).
By (bSX (τ
c)), {g(n, x) : n ∈ N} is a neighborhood base of x. Therefore X is an
o-semimetrizable space [6]. 
A space X is called ultrametrizable [3] if there exists a compatible metric d on X
such that d(x, z) ≤ max{d(x, y), d(y, z)} for each x, y, z ∈ X.
Theorem 4.4. For a space X, the following are equivalent.
(a) X is ultrametrizable.
(b) There exists a map φ : τ c → L(X,F(Y )) satisfying (Gτc), (mτc), (S) and (E).
(c) There exists a map φ : SX → L(X,F(Y )) satisfying (GSX ), (bSX (τ
c)), (S) and
(E).
Proof. (a) ⇒ (b) Let d be a compatible metric on X. Define a map φ : τ c →
L(X,F(Y )) as that in the proof of (a) ⇒ (b) of Theorem 4.3. Then φ satisfies (Gτc),
(mτc) and (S).
Let x, y, z be pairwise distinct points of X. Assume that φx(y) * φx(z) and
φy(z) * φx(z). Then nx(z) < nx(y) and nx(z) < ny(z). Thus y ∈ U(nx(z), {x}) =
B(x, 1
nx(z)
) and z ∈ U(nx(z), {y}) = B(y,
1
nx(z)
) from which it follows that d(x, z) ≤
max{d(x, y), d(y, z)} < 1
nx(z)
. Hence z ∈ B(x, 1
nx(z)
) = U(nx(z), {x}), a contradiction.
(b) ⇒ (c) Similar to the proof of (b) ⇒ (c) of Theorem 4.3.
(c) ⇒ (a) Assume (c). Define a g-function for X by letting g(n, x) = φ−1x [Y \ Bn]
for each x ∈ X and n ∈ N. By (S), we have that y ∈ g(n, x) if and only if x ∈ g(n, y).
By (bSX (τ
c)), {g(n, x) : n ∈ N} is a neighborhood base of x. By (E), we have that if
y ∈ g(n, x), then g(n, y) ⊂ g(n, x). Therefore, X is ultrametrizable [6]. 
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A space X is called a Nagata-space [10] if there exists a g-function g for X such
that if g(n, x) ∩ g(n, xn) 6= ∅ for all n ∈ N, then x is a cluster point of 〈xn〉.
Theorem 4.5. For a space X, the following are equivalent.
(a) X is a Nagata-space.
(b) There exists a map φ : τ c → L(X,F(Y )) satisfying (Gτc), (mτc), (bSX (τ
c)) and
(⋄) φF is locally bounded on X \ F .
(c) There exists a map φ : τ c → L(X,F(Y )) satisfying (Gτc), (mτc), (bSX (τ
c)) and
(bτc(CX)).
Proof. (a) ⇒ (b) Let g be the g-function for a Nagata-space. It is easy to verify that
⋂
n∈N g(n, F ) = F for each F ∈ τ
c and that {g(n, x) : n ∈ N} is a neighborhood base
of x. For each F ∈ τ c and x /∈ F , let nF (x) = min{n ∈ N : x /∈ g(n, F )}. For each
F ∈ τ c, define a map φF by letting φF (x) = Y whenever x ∈ F and φF (x) = BnF (x)
whenever x /∈ F . Then φ : τ c → L(X,F(Y )) satisfies (Gτc), (mτc), (bSX (τ
c)). Similar
to the proof of the necessity of Theorem 3.4, we can show that φF satisfies (⋄).
(b)⇒ (c) Assume (b). Let F ∈ τ c, K ∈ CX and F ∩K = ∅. By (⋄), for each x ∈ K,
there exist an open neighborhood Ox of x and nx ∈ N such that Ox ⊂ φ
#
F [Bnx ]. Since
K ∈ CX , there exists a finite subset A of K such that K ⊂ ∪{Ox : x ∈ A}. Let
m = max{nx : x ∈ A}. For each x ∈ K, there is y ∈ A such that x ∈ Oy ⊂ φ
#
F [Bny ] ⊂
φ#F [Bm]. This implies that φF is bounded on K.
(c) ⇒ (a) Assume (c). Then by Proposition 2.2, X is first countable. By Theorem
3.2, X is k-semi-stratifiable. Thus X is a Nagata space [17]. 
A function d : X×X → [0,∞) is called a quasi-metric on X if (i) d(x, y) = 0 if and
only if x = y; (ii) for all x, y, z ∈ X, d(x, z) ≤ d(x, y)+d(y, z). Let d−1(x, y) = d(y, x)
for all x, y ∈ X. Then d−1 is also a quasi-metric on X. For each x ∈ X and r > 0,
let Bd(x, r) = {y ∈ X : d(x, y) < r} and Bd−1(x, r) = {y ∈ X : d
−1(x, y) < r}. Then
{Bd(x, r) : x ∈ X, r > 0} ({Bd−1(x, r) : x ∈ X, r > 0}) is a base for a topology τd
(τd−1) on X. If τd ⊂ τd−1 , then d is called a strong quasi-metric [18]. A space (X, τ)
is called strongly quasi-metrizable [11] if there exists a strong quasi-metric d on X
such that τ = τd.
Theorem 4.6. A space X is strongly quasi-metrizable if and only if there exists a
map φ : τ c → L(X,F(Y )) satisfying (Gτc), (mτc) and (bCX (τ
c)).
Proof. Let d be a strong quasi-metric on X such that τ = τd. For each F ∈ τ
c and
n ∈ N, let U(n, F ) = ∪{Bd(x, 1n) : x ∈ F}. Then U(n, F ) is open and F ⊂ U(n, F ).
Let x ∈
⋂
n∈N U(n, F ). Then there exists xn ∈ F such that x ∈ Bd(xn,
1
n
) from which
it follows that xn ∈ Bd−1(x,
1
n
) for each n ∈ N. Thus xn → x in τd−1 . Since τd ⊂ τd−1 ,
we have that xn → x in τd. Thus x ∈ F and so
⋂
n∈N U(n, F ) ⊂ F . Therefore,⋂
n∈N U(n, F ) = F .
For each F ∈ τ c and x /∈ F , let nF (x) = min{n ∈ N : x /∈ U(n, F )}. For each
F ∈ τ c, define a map φF : X → F(Y ) by letting φF (x) = Y whenever x ∈ F and
φF (x) = BnF (x) whenever x /∈ F . Then φ : τ
c → L(X,F(Y )) satisfies (Gτc) and
(mτc)
Let F ∈ τ c, K ∈ CX and K ∩ F = ∅. We show that F ∩ U(m,K) = ∅ for some
m ∈ N. Assume that F∩U(n,K) 6= ∅ for each n ∈ N. Then there exist xn ∈ F, yn ∈ K
such that xn ∈ Bd(yn,
1
n
). Since K ∈ CX , 〈yn〉 has a cluster point x in K. Then there
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exists a subsequence 〈ynk〉 of 〈yn〉 such that ynk ∈ Bd(x,
1
k
) for each k ∈ N. Since
xnk ∈ Bd(ynk ,
1
k
), we have that d(x, xnk) ≤ d(x, ynk)+d(ynk , xnk) <
2
k
for each k ∈ N.
It follows that xnk → x and thus x ∈ F , a contradiction to that K∩F = ∅. Therefore,
F ∩U(m,K) = ∅ for some m ∈ N. For each x ∈ F , x /∈ U(m,K) from which it follows
that nK(x) ≤ m and thus φK(x) = BnK(x) ⊂ Bm. This implies that φK is bounded
on F .
Conversely, by Proposition 3.3, X is semi-stratifiable. By Theorem 2.4, X is a
γ-space. Thus X is strongly quasi-metrizable [11]. 
Theorem 4.7. For a space X, the following are equivalent.
(a) X is metrizable.
(b) There exists a map φ : τ c → L(X,F(Y )) satisfying (Gτc), (mτc), (S) and
(bCX (τ
c)).
(c) There exists a map ψ : τ c → L(X,F(Y )) satisfying (Gτc), (mτc), (S) and
(bτc(CX)).
(d) There exists a map ϕ : τ c → L(X,F(Y )) satisfying (Gτc), (mτc), (bτc(CX))
and (bCX (τ
c)).
Proof. (a) ⇒ (b) Let d be a compatible metric on X. For each F ∈ τ c and n ∈ N, let
U(n, F ) = ∪{B(x, 1
n
) : x ∈ F}. Then
⋂
n∈N U(n, F ) = F . For each x /∈ F ∈ τ
c, let
nF (x) = min{n ∈ N : x /∈ U(n, F )}. For each F ∈ τ c, define a map φF : X → F(Y )
by letting φF (x) = Y whenever x ∈ F and φF (x) = BnF (x) whenever x /∈ F . Then
φ : τ c → L(X,F(Y )) satisfies (Gτc) and (mτc) and (S). Similar to the proof of the
necessity of Theorem 4.6, we can show that φ also satisfies (bCX (τ
c)).
(b) ⇒ (c) Assume (b). For each F ∈ τ c and n ∈ N, let V (n, F ) = ∪{φ−1x [Y \Bn] :
x ∈ F}. Then V (n, F ) is open and F ⊂
⋂
n∈N V (n, F ).
Claim. If F ∈ τ c, K ∈ CX and F ∩K = ∅, then K ∩V (m,F ) = ∅ for some m ∈ N.
Proof. Let F ∈ τ c, K ∈ CX and F ∩K = ∅. By (bCX (τ
c)), F ⊂ φ#K [Bm] for some
m ∈ N. For each x ∈ K and y ∈ F , φy(x) = φx(y) ⊂ φK(y) ⊂ Bm which implies that
x /∈ φ−1y [Y \Bm]. Thus x /∈ V (m,F ). It follows that K ∩ V (m,F ) = ∅.
The above claim also implies that
⋂
n∈N V (n, F ) ⊂ F . Thus
⋂
n∈N V (n, F ) = F .
For each x /∈ F ∈ τ c, let mF (x) = min{n ∈ N : x /∈ V (n, F )}. For each F ∈ τ c,
define a map ψF : X → F(Y ) by letting ψF (x) = Y whenever x ∈ F and ψF (x) =
BmF (x) whenever x /∈ F . Then ψ : τ
c → L(X,F(Y )) satisfies (Gτc) and (mτc).
For each x, y ∈ X with x 6= y, since φx(y) = φy(x), we have that y ∈ V (n, {x}) if
and only if x ∈ V (n, {y}) for each n ∈ N. It follows that m{x}(y) = m{y}(x) and thus
ψx(y) = ψy(x).
From the above claim it follows that ψ satisfies (bτc(CX)).
(c) ⇒ (d) Assume (c). For each F ∈ τ c and n ∈ N, let W (n, F ) = ∪{ψ−1x [Y \Bn] :
x ∈ F}. Then W (n, F ) is open and F ⊂
⋂
n∈NW (n, F ). By (bτc(CX)), if x /∈ F ,
then ψF (x) ⊂ Bm for some m ∈ N. Then for each y ∈ F , ψy(x) ⊂ ψF (x) ⊂ Bm
from which it follows that x /∈ ψ−1y [Y \ Bm]. Thus x /∈ W (m,F ). This implies that⋂
n∈NW (n, F ) ⊂ F and hence F =
⋂
n∈NW (n, F ).
For each x /∈ F ∈ τ c, let iF (x) = min{n ∈ N : x /∈ W (n, F )}. For each F ∈ τ c,
define ϕF : X → F(Y ) by letting ϕF (x) = Y whenever x ∈ F and ϕF (x) = BiF (x)
whenever x /∈ F . Then ϕ : τ c → L(X,F(Y )) satisfies (Gτc) and (mτc).
Let F ∈ τ c, K ∈ CX and F ∩K = ∅. By (bτc(CX)), K ⊂ ψ
#
F [Bm] for some m ∈ N.
For each x ∈ K and y ∈ F , ψy(x) ⊂ ψF (x) ⊂ Bm which implies that x /∈ ψ
−1
y [Y \Bm].
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Thus x /∈ W (m,F ) and so iF (x) ≤ m. Consequently, ϕF (x) = BiF (x) ⊂ Bm for each
x ∈ K. This implies that ϕF is bounded on K. Also, since ψx(y) = ψy(x), we
have that y /∈ ψ−1x [Y \ Bm] for each x ∈ K and y ∈ F from which it follows that
y /∈ W (m,K) and so iK(y) ≤ m. Consequently, ϕK(y) = BiK(y) ⊂ Bm for each
y ∈ F . This implies that ϕK is bounded on F .
(d) ⇒ (a) By Theorem 2.4, X is a γ-space. By Theorem 3.2, X is a k-semi-
stratifiable space. Therefore, X is metrizable [23]. 
5. An application
As an application, in this section, we use the results obtained in the previous sec-
tions to give characterizations of the corresponding spaces with real-valued functions.
Let R be the real number set. R = R ∪ {−∞,+∞} is called the generalized real
number set. The order <R on R is defined as follows: <R=<R ∪{〈−∞, r〉, 〈r,+∞〉, r ∈
R}∪ {〈−∞,+∞〉}. When viewed as a topological space, the topology on R takes the
collection {[−∞, a), (a, b), (a,+∞] : a, b ∈ R} as a base.
A generalized real-valued function f : X → R is called lower (upper) semi-
continuous [19], if for each r ∈ R, the set {x ∈ X : f(x) > r} ({x ∈ X : f(x) < r}) is
open.
The following lemmas provide methods of turning a lower semi-continuous set-
valued map φ : X → F(R) into a lower semi-continuous function f : X → R and of
the converse.
Lemma 5.1. If a set-valued map φ : X → F(R) is lower semi-continuous, then the
generalized real-valued function f : X → R defined by letting f(x) = sup(φ(x)\{+∞})
for each x ∈ X, is lower semi-continuous.
Proof. Let r ∈ R and f(x) > r. Then (φ(x) \ {+∞}) ∩ (r,+∞] 6= ∅ and thus
φ(x) ∩ (r,+∞) 6= ∅. Since φ is lower semi-continuous, U = φ−1[(r,+∞)] is an open
neighborhood of x. For each y ∈ U , φ(y) ∩ (r,+∞) 6= ∅ from which it follows that
f(y) = sup(φ(y) \ {+∞}) > r. Therefore, f is lower semi-continuous. 
Lemma 5.2. A generalized real-valued function f : X → R is lower semi-continuous
if and only if the set-valued map ϕ : X → F(R) defined by letting ϕ(x) = [−∞, f(x)]
for each x ∈ X, is lower semi-continuous.
Proof. Let V be an open subset of R and ϕ(x) ∩ V 6= ∅. Choose a ∈ ϕ(x) ∩ V . Then
a ≤ f(x).
Case 1. a = +∞. Then f(x) = +∞. Since +∞ = a ∈ V , there exists r ∈ R such
that (r,+∞] ⊂ V . Let U = {x ∈ X : f(x) > r}. Since f is lower semi-continuous
and f(x) = +∞, U is an open neighborhood of x. For each y ∈ U , f(y) > r and thus
[−∞, f(y)] ∩ (r,+∞] 6= ∅ from which it follows that ϕ(y) ∩ V 6= ∅.
Case 2. a = −∞. Then −∞ ∈ V . For each y ∈ X, −∞ ∈ ϕ(y) ∩ V .
Case 3. a ∈ R. Then there exist s, r ∈ R with s < r such that a ∈ (s, r) ⊂ V . Let
U = {x ∈ X : f(x) > s}. Since f is lower semi-continuous and f(x) > s, U is an
open neighborhood of x. For each y ∈ U , f(y) > s.
Case 3.1. f(y) ≥ r. Then (s, r) ⊂ [−∞, f(y)] and so (s, r) ⊂ ϕ(y) ∩ V .
Case 3.2. f(y) < r. Then f(y) ∈ (s, r) ⊂ V and so f(y) ∈ ϕ(y) ∩ V .
The above argument shows that ϕ is lower semi-continuous.
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Conversely, let r ∈ R and f(x) > r. Then ϕ(x) ∩ (r,∞] 6= ∅. Since ϕ is lower
semi-continuous, U = ϕ−1[(r,∞]] is an open neighborhood of x. For each y ∈ U ,
[−∞, f(y)] ∩ (r,∞] 6= ∅ which implies that f(y) > r. Therefore, f is lower semi-
continuous. 
For the space R, if we set Bn = [−∞, n] ∪ {+∞} for each n ∈ N, then {Bn}n∈N
is a strictly increasing closed cover of R. Thus as a special case, the results in the
previous sections hold for Y = R. Then with the above lemmas, we can translate
the set-valued maps with values in F(R) of the corresponding results into generalized
real-valued functions. We take stratifiable spaces as an example. The other results
can be stated and proved analogously.
Theorem 5.3. A space X is stratifiable if and only if for each F ∈ τ c, there exists
a lower semi-continuous function fF : X → R such that (1) F = f
−1
F (+∞); (2) if
F1 ⊂ F2, then fF1 ≤ fF2; (3) if x /∈ F ∈ τ
c, then there exists an open neighborhood V
of x and m ∈ N such that fF (y) ≤ m for each y ∈ V .
Proof. For each n ∈ N, let Bn = [−∞, n] ∪ {+∞}. Then {Bn}n∈N is a strictly
increasing closed cover of R. By letting Y = R in Theorem 3.4, we have the following.
Claim. A space X is stratifiable if and only if for each F ∈ τ c, there exists a lower
semi-continuous map φF : X → F(R) such that (1′) F =
⋂
n∈N φ
−1
F [(n,+∞)]; (2
′) if
F1 ⊂ F2, then φF1 ⊂ φF2 ; (3
′) if x /∈ F ∈ τ c, then there exists an open neighborhood
V of x and m ∈ N such that φF (y) ⊂ Bm for each y ∈ V .
Let X be a stratifiable space and φF be the map in the above claim for each F ∈ τ
c.
For each x ∈ X, let fF (x) = sup(φF (x)\{+∞}). By Lemma 5.1, fF : X → R is lower
semi-continuous. It is clear that (2) holds. By (1′), if x ∈ F , then φF (x)∩(n,+∞) 6= ∅
for each n ∈ N. Choose xn ∈ φF (x) ∩ (n,+∞) for each n ∈ N. Then sup{xn : n ∈
N} = +∞ and {xn : n ∈ N} ⊂ φF (x)\{+∞} from which it follows that fF (x) = +∞.
On the other hand, if fF (x) = +∞, then (φF (x) \ {+∞}) ∩ (n,+∞) 6= ∅ and so
φF (x) ∩ (n,+∞) 6= ∅ for each n ∈ N. This implies that x ∈
⋂
n∈N φ
−1
F [(n,+∞)]. By
(1′), x ∈ F .
Now, suppose that x /∈ F ∈ τ c. Then by (3′), there exists an open neighborhood V
of x andm ∈ N such that φF (y) ⊂ Bm for each y ∈ V . Thus φF (y)\{+∞} ⊂ [−∞,m]
and so fF (y) ≤ m.
Conversely, for each F ∈ τ c, define a map φF : X → F(R) by letting φF (x) =
[−∞, fF (x)] for each x ∈ X. By Lemma 5.2, φF is lower semi-continuous. It is
clear that if F1 ⊂ F2, then φF1 ⊂ φF2 . If x ∈ F , then φF (x) = R and thus x ∈⋂
n∈N φ
−1
F [(n,+∞)]. If x ∈
⋂
n∈N φ
−1
F [(n,+∞)], then φF (x) ∩ (n,+∞) 6= ∅ for each
n ∈ N. It follows that fF (x) = +∞ and thus x ∈ F .
Suppose that x /∈ F ∈ τ c. Then there exists an open neighborhood V of x and
m ∈ N such that fF (y) ≤ m for each y ∈ V . Thus φF (y) ⊂ Bm. By the above claim,
X is a stratifiable space. 
References
[1] C. J. R. Borges, On stratifiable spaces, Pacific J. Math., 17 (1966), 1-16.
[2] G. D. Creede, Concerning semi-stratifiable spaces, Pacific J. Math., 32 (1970), 47-54.
[3] J. de Groot, Non-Archimedean metrics in topology, Proc. Amer. Math. Soc., 7 (1956), 948-953.
[4] R. Engelking, General Topology, Revised and Completed Edition, Heldermann Verlag, Berlin,
1989.
12 E.-G. YANG
[5] R. Gittings, On o-semimetrizable spaces, Studies in Topology (Conferemce Proceedings Univ.
North Carolina, Charlotte, NC 1974), (Academic Press, New York, 1975), 179-188.
[6] C. Good, D. Jennings and A.M. Mohamad, Symmetric g-functions, Top. Appl., 134 (2003),
111-122.
[7] G. Gruenhage, Generalized metric spaces, Handbook of Set-theoretic Topology, (1984), 423-501.
[8] V. Gutev, T. Yamauchi, Strong paracompactness and multi-selections, Top. Appl., 157 (2010),
1430-1438.
[9] R. W. Heath, Arc-wise connectedness in semi-metric spaces, Pacific J. Math., 12 (1962), 1301-
1319.
[10] R. E. Hodel, Spaces defined by sequence of open covers which guarantee that certain sequences
have cluster points, Duke Math. J., 39 (1972), 253-263.
[11] H. P. A. Ku¨nzi, On strongly quasi-metrizable spaces, Arch. Math., 41 (1983), 57-63.
[12] W. F. Lindgren and P. Fletcher, Locally quasi-uniform spaces with countable bases, Duke Math.
J., 41 (1974), 231-240.
[13] D. J. Lutzer, Semimetrizable and stratifiable spaces, General Top. Appl., 1 (1971), 43-48.
[14] H. W. Martin, Local connectedness in developable spaces, Pacific J. Math., 61 (1975), 219-224.
[15] E. Michael, A theorem on semi-continuous set-valued functions, Duke Math. J., 26 (1959), 647-
651.
[16] K. Miyazaki, Characterizations of paracompact-like properties by means of set-valued semi-
continuous selections, Proc. Amer. Math. Soc., 129 (2001), 2777-2782.
[17] A. M. Mohamad, Conditions which imply metrizability in some generalized metric spaces, Topol-
ogy Proceedings, 24 (spring) (1999), 215-232.
[18] R. A. Stoltenberg, On quasi-metric spaces, Duke Math. J., 36 (1969), 65-71.
[19] J. van Tiel, Convex Analysis, An Introductory Text, John Wiley & Sons, 1984.
[20] W. A. Wilson, On semi-metric spaces, Amer. J. Math., 53 (1931), 361-373.
[21] L. Xie and P. Yan, Expansions of set-valued mappings on stratifiable spaces, Houston J. Math.,
43 (2017), 611-624.
[22] K. Yamazaki, Locally bounded set-valued mappings and monotone countable paracompactness,
Top. Appl., 154 (2007), 2817-2825.
[23] I. Yoshioka, On the metrizations of γ-spaces and ks-sapces, Q and A in General Topology, 19
(2001), 55-71.
(E.-G. Yang) School of Mathematics & Physics, Anhui University of Technology,
Maanshan 243002, P.R. China
E-mail address: egyang@126.com
